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In this article we show that any affke plane of prime order with a collineation 
group transitive on the alline points is Desarguesian. Q 1989 Academic Press, Inc. 
1. INTRODUCTION 
An afline plane with a transitive collineation group is not always a trans- 
lation plane. To date several classes of counterexamples are known. 
However, in [3] M. J. Kallaher conjectured that every alIine plane of 
prime order with a transitive collineation group is a translation plane and 
so necessarily Desarguesian. In this article we shall show that the conjec- 
ture is true. 
THEOREM. Any affine plane of prime order with a collineation group 
transitive on the affine points is Desarguesian. 
We shall prove the theorem by a method of determining planar functions 
from the field of prime order into itself (Proposition 2). 
2. REDUCTION TO SOME EQUATIONS 
Let p be a prime and X= n(9), 9) an afIine plane of order p, where 9 
or 9 is the set of affine points or lines, respectively. Assume that rr has a 
collineation group which acts transitively on 9. Let G be one of its Sylow 
p-subgroups. Then, as 19’1 = p*, G is also transitive on 9 and ]GI B p2. 
Let I, denote the line at intinity and H the pointwise stabilizer of I, in 
G. Then, as 1 I, I = p + 1, H is a normal subgroup of G of index 1 or p. 
Clearly IH( d 191 = p*. If the equality holds, rt is a translation plane of 
order p and therefore rt is Desarguesian. 
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In order to prove the theorem, we only have to consider the case that 
IGI = p2 and IHI = p. Furthermore, if G is cyclic, then p = 2 and ‘II is 
Desarguesian by Hoffman’s result (4.4.6 of [ 11). Hence we may assume 
that G is an elementary abelian group of order p*. By Dembowski- 
Ostrom’s result (Corollary 2 of [2]), p is odd and 7c can be represented in 
the following form: There exists a function f from the field K= GF(p) into 
itself and P={(x,y)lx,y~K}, P’={L(a,b)~a,b~K}u{L(c)~c~K}, 
where L(a,b)= {(x,f(x-a)+b)(x~K} and L(c)= {c, y)ly~K}. 
Moreover, each function fd (do K - { 0} ) from K into itself defined by 
fd(x) = f(x + d) - f(x) is bijective. According to [2, Section 51 the 
function f is called a planar function. 
We now give a condition for the function f to be planar. 
LEMMA 1. A function f from K into itself is planar if and only if 
for any de K- {O}. In particular, if f is planar, 
(1) 
for any n E { 1, 2, . . . . p-2} andany dEK. 
Instead of proving Lemma 1 directly, we prove the following slightly 
stronger statement. 
PROPOSITION 1. Let F be the finite field of order q. Let x,,, x1, . . . . xq- 1 
be elements of F (possibly repetitions) and set S = {xi ( 0 < i < q - 1 }. Then 
S=F ifand only if 
iFD (XiY = -; 
{ 
if l<n<q-2, 
if n=q-1. (2) 
ProoJ First suppose S= F. Let y E F* = F- (0) and n E { 1, . . . . q - I>. 
Set D = { 0, 1, . . . . q - 1). Then, 
Hence (y” - 1) Cit D (x~)~ = 0. Assume Cic D (x~)~ # 0. Then y” - 1 = 0 for 
any yEF*. Hence n=q-1 and CieD(xi)Y-l=CxEF. l= -1. 
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Conversely, suppose (2) and denote by M = (mu) the q x q matrix, where 
mii= (xi- l)i-l. (For O”, read 1.) Then, by using (2), we have 
M(‘M)= - 
‘0 . . . . ..() 1 
1 0 
0 1 d 
,1 o....o 1 
Hence det(M), the determinant of M, is nonzero. Moreover, det(M) is the 
Vandermonde’s determinant and so ni, j (xi - xi) # 0, which forces S = F. 
Remark. Similar results as in Lemma 1 hold for planar functions from 
any finite field into itself. Also, Lemma 1 indicates that the planar function 
f may be completely determined by using Eqs. (1) in Lemma 1 only. In 
fact all lemmas in the next section will be obtained on the basis of them. 
3. THE PLANAR FUNCTIONS 
In this section we prove the following proposition, which gives the proof 
of our theorem (cf. the proof of Corollary 3 of [2]). 
PROPOSITION 2. Let p be an odd prime and K the field of order p. Let 
f(x) be a polynomial over K of degree at most p - 1. Assume that for any 
d, e E K (d # 0) the equation f (x + d) -f(x) = e has a unique solution in K. 
Then f(x) is a quadratic polynomial. 
The proof is divided into several steps (Lemmas 2-6). If p = 3, then the 
assertion is obvious. Hence we assume p 2 5. 
A function g defined by g(x) =f(x) -f(O) is also a planar function and 
every function from K into itself can be uniquely represented by a polyno- 
mial in K[x] of degree at most p - 1. Therefore, without loss of generality 
we may assume that the following; 
There exist s E { 1, 2, . . . . p - 1 } and c, , cl, . . . . c, E K such that 
f(x)= i c,xm and c, # 0. (3) 
m=l 
LEMMA 2. Suppose n (E( 1,2, . . . . p - 2)) is even and set n = 2~. Then 
-&(f(x+d)-f(W'=W)+W)+W), 
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where 
A(d)= c y (-lY(J (f(x+d))‘(f(x))“-‘, 
xeK r=O 
B(d)= 1 (-1)” Wx+4)“(f(x))“, 
.x t K 
u-l 
C(d)= 1 2 (-1)’ ; (f(x-4Y(f(x))“-‘. 
IEK r=O 0 
Proof Expanding (f(x + d) -f(x))” by the binomial theorem, we have 
(f(x+d)-f(x))” = c;:: t-l)“-’ (Xf(x+d))’ (f(x))“-’ + (-1)” 
(“,U(x + 4)” (f(x))” + c:= u+ I (- l)‘-’ (:)(f(x + d))’ (f(x))“-‘. Since 
xseK (f(X + d))’ (f(X))“-’ = xX, K (j-(X))’ (j-(X-d))“-‘, it fOllOWS that 
,JK (f(x + 4 -f(x)Y 
=A(d)+lqd)+ c i (-l)“-’ ; 
0 (f(x))’ (f(x - 4)“-’ xsK ,=,,+I 
u-1 
=A(d)+lqd)+ 1 c (-1)” ; (f(x))“-“(j-(x-d))” 
xeK u=O 0 
= A(d) + B(d) + C(d). 
Thus the lemma holds. 
LEMMA 3. ~22. 
Proof: Suppose false. Then f(x) = cIx by (3). However, f(x+ d) - 
f(x) = c1 d, contrary to the hypothesis that f is planar. Thus the lemma 
holds. 
LEMMA 4. Suppose 0 B r <n < p - 2 and set 
y(m,, . . . . m,: I,, . . . . I,) = c,, ... c,” x 
6(m 
ifm,+ ... +m,-(I,+ ... +Z,)EY, 
1 > . . . . 
otherwise. 
Here Y= (k(p- l)[k= 1,2, . ..} and 1 <m;<s, O<Zj<mj, for each i (<n) 
and j ( <r). Then, for every t E K, 
582aj52/1-4 
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.ZK (f( 
x + t))’ (f(x))“-’ 
= -1 y(m,, . . . . m,: I,, . . . . I,) 6(m,, . . . . m,: I,, . . . . lr)t”+ “. +‘r, 
where the summation runs over all m,‘s and lj’s such that 1 Q mi 6 s (i< n) 
and061j<mj (j<r). 
Proof By the binomial theorem, 
f(x+t)= i Cm(X+ty= i c, m ‘I x-/t’. m=l m=l z(> I=0 
Hence 
= c y(m,, . . . . m,: l,, . . . . 
I<m,<s.OCl,Cm, 
( 
Here L= i I, and M= i m,. 
j= 1 i= 1 1 
= 
-c y(m,, . . . . m,: I,, . . . . 1,) 6(m,, . . . . m,: I,, . . . . l,)(t”) 
1 <m,<s,O</,<m, 
by Proposition 1. 
LEMMA 5. (p- 1)/2>S32. 
Proof: Suppose false. Then (p + 1)/2 < s < p - 1. By Lemma 3, s 2 2. 
(We note that p is assumed to be greater than 3.) Take n = 2 in Lemmas 2 
and 4. Then 
x;K (Ax+ 4 -f(x))’ 
=2 c (f(x))‘-2 1 f(x+d)f(x) 
x E K x E K 
=-2x 1 cm,cm,+2x c Cm,Cm* (4) 
tlt*+l?lZE’Y ??l,+?Pl-I,EYJ 
If we put k=2s+ 1 -pp, as (p+ 1)/2<s<p- 1, it follows that 2<k< 
p - 1. By Lemma 1, the coefficient of dk in (4) must be zero. Therefore 
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2xc m,+m~~kEP~m,~m~(~)=O. However, m, +m,-kd2s-k<2(p- 1) 
and so m, + m2 - k E Y implies m,+m,-k=p-1. From this 
m, + m2 = 2s, so that m, = m2 =s. Therefore we have 2(~,)~ (i) = 0. Since 
p # 2 and 2 <s < p - 1, 2(i) # 0. Thus c, = 0, contrary to (3). 
LEMMA 6. s = 2 and f(x) is a quadratic polynomial. 
Proof: Let u be a positive integer such that u < (p - 1)/s < u + 1. Set 
n=2uandassumes>2.Then2<2(p-l)/s-2<n,<2(p-l)/s<p-l by 
Lemma 5. It follows from Lemmas 1, 2, and 4 that 
O= c (f(x+d)-f(x))” 
x t K 
U-1 
= -1 (-I)“-’ n 
r=O 0 r 
1 r(n, r) 6(n, r) d”+ .” +I, 
I <m,<s,O</,<m, 
-(-1)” n c 
0 u 
y(n, u) 6(n, u) d’l+ “’ +‘u 
1 <m,<s,O</,<m, 
y(n, r) 6(n, r)( -d)‘l+ ..’ +‘r (5) 
I<m,~s.O</,<m, 
for any de K. 
Here r(n, r) = y(m,, . . . . m ,,: I,, . . . . I,) and 6(n, r) = S(m,, . . . . m,: I,, . . . . I,). 
We regard the expression (5) as a polynomial in K[d]. 
Set k=ns+ l-p. Then O<p- 1-2s<k<p- 1. Moreover, if 
O<r<u, then k>Z,+ . . . + I, because k - (I, + . . . + 1,) 2 k - (u - 1 )s = 
S(U + 1 - (p - 1 )/s) > 0. Hence the coefficient of dk of the above polynomial 
is equal to -(-l)“(z)CyS, where y=Y(m, ,..., m,: 1, ,..., l,), 6= 
S(m 1, . . . . m, . 1 I, . . . . I,) and the summation runs over all m,, . . . . m, and 
I , , . . . . 1, such that 1 <ml, . . . . m, Gs, 0 < 1, <m,, . . . . 0 6 1, <m, and 
1, + . . . + I, = k. By definition, 6(m,, . . . . m,: I,, . . . . I,) # 0 if and only if 
m, + ... +m,-((1, + ... +z,)E {w(p- l)(w= 1,2, . ..}. 
But, u<m,+, + ... +m, < ml+ ... +m,-(I,+ ... +I,) = m,+ ... + 
m, - k < ns - k = p - 1. Therefore the coefficient of dk, say [, satisfies the 
following: 
[=(-1)“” 1 
0 ml+ ..~~.;.,,cm~-.-c-~(~~)...(~~) 
0 L r, < m, 
= (-,y+l 
(1) (c~)~os,,(:)...(l)=(-l)u+l (1) w(;). 
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On the other hand, (5) implies that [ =O. Since 0 <n < us < p - 1, 
( - 1 )U+ ’ (i)(y) # 0 (modulo p) and so c, = 0, contrary to the choice of c,. 
Thus s = 2 and f(x) is a quadratic polynomial. 
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